In an earlier study, using an SMA-actuated robotic arm, the authors showed that the existing phenomenological models are not able to predict the behavior of the material under certain conditions. There, it was shown that such cases most often occur when the temperature and stress of the SMA wire change simultaneously. In this part, the existing model discrepancies are further studied experimentally using a dead weight, which is actuated by an SMA wire. Subsequently, an enhanced phenomenological model is developed. The enhanced model is able to predict the behavior of SMAs under complex thermomechanical loadings.
Introduction
Most of the SMA constitutive models, as stated by Brinson and Huang [1] , are made of two main parts: the mechanical law governing the stress-strain behavior and the transformation kinetics that models the martensite phase transformation. As they have shown, for phenomenological SMA models, which are the most practical models, the critical aspect is the phase transformation kinetics law. Therefore, the phase kinetics part of the models defines the behavior of the model. This is true even if a phase kinetic model is used in conjunction with a different constitutive equation that belongs to a separate model [1] .
The main SMA phenomenological models have been developed by Tanaka [2] , Liang and Rogers [3] , and Brinson [4] . Some other SMA models have been developed by Pence and Ivshin [5] and by Boyd and Lagoudas [6] . By comparing and simplifying these models Brinson and Huang [1] showed that, for the two-part one-dimensional models, the kinetics law is more important than the constitutive model. Even the simplest constitutive model if paired with the appropriate kinetics model can satisfactorily predict the behavior of the SMA material.
In this part of the paper, the shortcomings of existing phenomenological SMA models are further highlighted. To this end, an SMA dead-weight actuator is studied experimentally. Furthermore, an enhanced phenomenological model is presented to address these shortcomings. The first part of the model, the constitutive equation, is similar to the one presented by Liang [3] and later modified by Brinson [4] . However, the second part of the model, the phase kinetics equation, is modified in order to include the effect of complex thermomechanical loadings.
Experimental study
To further investigate the SMA model discrepancy, a deadweight SMA actuator, as shown in figure 1 , is experimentally studied. This simpler system is chosen to better study the model shortcomings at a more fundamental level. When the stress-free austenite phase cools down below the martensite final temperature the twinned martensite appears. Upon loading the twinned martensite above a certain stress level, detwinning and hence the elongation process takes place. For the bias-type SMA actuators, there is always a force/torque to bring the phase from austenite back to the detwinned martensite. In this experimental study, the bias force is provided by the weight of a variable mass. The transformation phenomenon explained in part I is summarized in figure 2 . For all the cases that are shown in this figure, the phenomenological models presented by Liang [7] and Brinson [4] are able to predict the behavior of the SMA wire. It is worth noting that for all these cases the phase transformation takes place while either stress or temperature is constant. However, when an SMA wire is used as an actuator, the phase transformation, most of the time, is neither isostress nor isothermal. An example of such cases was shown in figure 3(c). When an SMA element is heated and therefore undergoes a partial martensite to austenite phase transformation, if the stress in the wire decreases the transformation temperature, A s and A f also decrease. If the stress decrease is large enough, the temperature of the SMA element can exceed the austenite final temperature even if the temperature itself remains unchanged. Let us have a closer look at the phase transformation kinetics of the existing phenomenological models. The austenite to martensite phase transformation can be rewritten as
which can be expanded as
This equation describes the martensite to austenite (reverse) phase transformation that takes place under two different thermomechanical loadings.
• In the SMA actuators, the reverse phase transformation takes place when a fully or partially martensitic material is heated. Figure 2 . Mechanical behavior of the shape memory alloy. The nonlinear portion of the plot is due to detwinning the martensite variants or transforming the austenite to martensite. (a) T < A s at the beginning material is fully martensitic; (b) M s < T < A s at the beginning material is fully austenitic; (c) A s < T < A f at the beginning material is fully austenitic; (d) T > A f at the beginning material is fully austenitic [4] .
• The reverse transformation can also occur when a previously loaded austenitic SMA element is unloaded. The reverse transformation follows the transformation of austenite to stress-induced martensite due to the loading.
Liang and Brinson have formulated the conditions for these two cases of the reverse transformation. Liang formulated the condition for the reverse transformation due to the heating (Ṫ > 0) as
According to the condition of equation (3), in a case similar the one shown in figure 3(c) , since the wire's temperature is not increasing, even though the temperature reaches beyond the stress-modified austenite final temperature, no martensite to austenite phase transformation beyond point 1 takes place. The Brinson's formulation of the reverse transformation due to unloading (σ < 0) is written as
The thermomechanical loading shown in figure 3(c) and hence the possible phase transformation caused by it cannot be described with Brinson's condition, equation (4) . No stressinduced martensite has been previously formed in the SMA wire that can be transformed back to austenite upon unloading.
In the next two sections, it is shown experimentally that a thermomechanical loading similar to the one shown in figure 3 (c) can cause further martensite to austenite phase transformation. Therefore, the existing phenomenological models need further improvements to predict the behavior of the SMA elements under similar complex thermomechanical loadings.
Experimental set-up
The experimental set-up, illustrated in figure 1, consists of a stack of mass that is actuated vertically by an SMA wire. The stress applied to the SMA wire can be adjusted by adding mass to or removing mass from the stack. The motion of the mass is measured using a linear variable differential transformer (LVDT). A personal computer records this measurement and generates the voltage signals, which are amplified before being applied to the SMA wire. The system can be modeled as 
Parameter
Description Value
Effect of stress on transformation temperatures (martensite) 6.89
Effect of stress on transformation temperatures (austenite) 6.89
where x is the mass vertical displacement, m is the mass, and b is the viscous friction that approximates the effect of damping and friction. F w is the force applied by the SMA wire on the mass in the vertical direction. The strain of the SMA wire and the displacement of the mass form a kinematic relationship:
here l 0 is the initial length of the SMA wire. In this analysis the Young's modulus and the resistivity of the wire are assumed to change as the result of the phase transformation:
the subscripts A and M indicate the austenite and martensite phases, respectively. The Flexinol SMA wire's diameter, used to actuate the system, is 150 µm and the initial stress, created by a mass of 75 g, is 41.6 MPa. This stress is enough to elongate the wire to fully detwinned martensitic phase at the ambient temperature T ∞ = 23 • C; therefore, the SMA wire is initially fully martensitic, i.e., ξ = 1. The initial length of the wire is l 0 = 537 mm. Other properties of the wire are shown in table 1.
Experimental results
The behavior of the SMA wire for several step function inputs is presented in figure 4 . It can be seen that for large enough voltage inputs (U > 4 V) the SMA wire undergoes a significant martensite to austenite phase transformation, hence the mass moves up. The steady state temperature of the SMA wire increases as higher voltages are applied. As a result, the SMA wire transforms more from martensite to austenite and therefore the mass moves higher as the applied voltage increases. When the input voltage is switched to zero, the SMA wire is cooled down and the stress applied by the mass elongates the wire to its initial length as shown in the figure 5.
Figures 4-8 illustrate variation in the behavior of the SMA wire with similar voltage inputs. In these experiments the wire is stretched by the mechanical load of m = 75 g. This elongation is partly recovered upon heating. The recovered strain depends on the applied constant voltage, which has the range of 1-16 V. It is worth noting that with the same voltage, the amount of recovered strain is slightly different. The variation of the recovered strain in steady state, as shown in figure 9 , is a function of applied voltage and therefore is a function of the phase transformation. This variation is smaller when the wire either has recovered a very small amount of strain or is close to the full strain recovery. The variation in the recovered strain can be associated with nonuniform temperature distribution for the middle voltage range. It is worth noting that a large amount of strain is recovered due to a small increase in the voltage of the wire.
In order to simulate a thermomechanical loading under which the behavior of SMA wires cannot be predicted by the existing SMA models, the temperature of a partially transformed wire was maintained constant while the stress was reduced. This thermomechanical loading is similar to the one shown in figure 3(c) . To this end, a constant voltage was applied to the SMA wire. Due to the applied stress by the hanging mass the SMA wire was initially extended in the martensite phase. When the temperature was raised, the wire contracted due to martensite to austenite phase transformation. After the wire reached the steady state length, part of the mass was removed and the wire was allowed to again reach the steady state. Finally, the removed mass was added to the hanging 
In the next section it will be shown that the phase transformation can be calculated using the measured net deflection. As previously mentioned, the transformation due to reducing the external load and hence the stress of the wire is not predicted by the existing phase transformation models. Therefore, there is a need for further investigation of the phase kinetics models to be used for SMA actuator design and simulations.
The enhanced phenomenological model
In this section, an SMA phenomenological model, which is capable of describing the behavior of SMA wires under complex thermomechanical loadings, is presented. To this end, the existing phase kinetic models are modified to include the effect of complex thermomechanical loadings.
The constitutive equation developed by Tanaka and adopted by both Liang and Brinson, written in the derivative form:
The phase kinetics model is based on the same cosine functions developed by Liang and later adopted by Brinson rather than the exponential functions used by Tanaka. The conditions for the phase transformation are modified to include the effect of the complex loadings. The resulting model is able to predict the behavior of SMAs under complex thermomechanical loadings. The martensite to austenite phase transformation kinetics is a cosine function of the temperature and stress:
The conditions under which this transformation takes place were presented by Liang and Brinson as equations (3) and (4), respectively. In the enhanced model, we have modified these conditions as follows. The SMA element will undergo the martensite to austenite phase transformation while, in the stress-temperature plane, the distance between the stressmodified austenite final temperature and the temperature of the SMA element is reduced. This condition can be written aṡ
Similarly, the austenite to martensite phase transformation kinetics, which is rewritten here, is adopted. Figure 18. Phase transformation as predicted by the enhanced phenomenological model; martensite to austenite transformation takes place for all the loading paths starting from point a; austenite to martensite phase transformation takes place for all the loading paths starting from point g.
The conditions under which the phase transformation takes place are modified asṪ
Equations (10) and (11) define the transformation paths as illustrated, on the stress-temperature plane, in figure 18 . All the experiments performed in this section follow the martensite to austenite phase transformation that takes place along the 'ac' path on figure 18. It is worth noting that the modified phase transformation kinetics will be reduced to the models presented by Liang and Brinson, if the transformation is either isostress (σ = 0) or Table 2 . Comparing phase transformation conditions of four SMA phenomenological models: Tanka, Liang, Brinson, and the enhanced model.
Martensite to austenite
Austenite to martensite Author transformation transformation Tanaka (1986) isothermal (Ṫ = 0). Table 2 compares this enhanced model with Tanka, Liang, and Brinson models. In order to verify the improved prediction of the SMA behavior provided by the presented model, the rotary SMA actuated arm is simulated under conditions similar to the ones presented in part I. Figure 19 shows the simulation results with the sliding mode control. In contradiction to figure 9, with the enhanced model the arm reaches the desired position. The effectiveness of the enhanced model can be further demonstrated by comparing figures 20 and 11. The SMA wire goes through enough transformation for the arm to be positioned at the desired angular position. In other words, the enhanced model predicts more martensite to austenite phase transformation despite the fact that the temperature of the SMA wire decreases.
The enhanced model is also able to predict the behavior of the dead-weight SMA wire actuator, which was studied experimentally in section 4. When some of the mass, actuated by the SMA wire, is removed, the stress of the wire decreases. According to the enhanced martensite to austenite phase transformation condition, equation (10), the SMA wire undergoes further martensite to austenite phase transformation and therefore, as was verified experimentally, the mass moves farther upward. The transformation takes place because the conditions for the martensite to austenite phase transformation are satisfied:
and
when the mass is increased to its initial value the stress increases. However, no phase transformation takes place because the condition for the austenite to martensite phase transformation, equation (11), is not satisfied. Althougḣ T −σ CM < 0, the SMA wire's temperature is not in the transformation range of
In order to further demonstrate that the enhanced model is capable of predicting the phase transformation that occurs as the result of isothermal stress change, the measurement of the second trial of equation (8) is used. Considering the constitutive equatioṅ
the amount of mass is the same before removing and after adding the removed mass. Therefore, the stress of the SMA wire is the same. Also, the temperature of the wire is constant because the applied voltage and the ambient temperature were unchanged. The constitutive equation, therefore, reduces to
and the net phase transformation can be calculated as
It is worth noting that the transformation temperatures were reduced as a result of reducing the mass by m = 96 g. The stress of the SMA wire was reduced by
Due to the reduced stress, both austenite start and austenite final temperature dropped by
The actual value of the martensite fraction can be calculated based on the wire elongation caused by the added mass. The Young modulus of the wire can be written as
Modeling procedure for SMA actuators
In this section a general procedure for modeling SMA actuators is presented, and its important steps are highlighted. This procedure was used in part I for modeling the SMA-actuated rotary arm. The model for each SMA actuator consists of four main sections:
(1) heat transfer model, (2) dynamic/kinematic model, (3) SMA constitutive model, and (4) phase kinetics (transformation) model.
These sub-models need to be interconnected as illustrated in figure 21 . The phase kinetics of an SMA wire can be modeled for martensite to austenite and austenite to martensite, respectively, as
where ξ M and ξ A are the initial martensite fractions before each phase transformation begins. These two variables are determined by the phase kinetics model and are initialized as ξ M = 1 and ξ A = 0.
At each iteration of this sub-model, the derivative of the martensite fraction defines the value of ξ M and ξ A as
where ξ(k) is the value of the martensite fraction calculated in the last step of the iteration. Equation (20) shows that the values of these two variables should be updated as the SMA element undergoes phase transformation. It is worth noting that, at each iteration, the SMA element only undergoes the phase transformation in one direction (martensite to austenite or austenite to martensite). Therefore, at each iteration, only one of these two variables (ξ A or ξ M ) is needed to calculate the martensite fraction.
Summary
In this paper, it was shown that the existing phenomenological models are not able to predict the complete behavior of SMA wires. To this end, two systems that are actuated by the SMA wires were studied. The first system, an SMA-actuated robotic arm was modeled and the model was verified against experimental results. It was shown using simulations that the existing models for the SMA wires cannot completely predict the behavior of this system. The shortcomings of the SMA models were also investigated experimentally. To this end, an SMA-actuated dead-weight system was studied and it was shown that the behavior of the SMA wire under complex thermomechanical loads is not predicted by the existing SMA models. Furthermore, an enhanced phenomenological model was developed to predict the behavior of SMAs under complex thermomechanical loadings. The effectiveness of the enhanced model was shown both through simulations, using the SMAactuated robotic arm, and through experiments, which were done on the SMA-actuated dead-weight. Finally, a procedure was outlined for modeling the SMA-actuated systems.
